ABSTRACT. The main purpose of this paper is using the analytic methods and the properties of character sums to study the computational problem of several kind character sums of polynomials mod q, an odd square-full number, and give two interesting identities for them.
Introduction
Let q ≥ 3 be an integer, and let χ be a Dirichlet character mod q. It is a very important and difficult problem in analytic number theory to give a sharper upper bound estimate for the character sums of the polynomials
where M and N are any positive integers, and f (x) is a polynomial. If q = p is an odd prime, then Weil [3] obtained the following important conclusion:
Let χ is a qth order character mod p, if f (x) is not a perfect qth power mod p, then we have the estimate
where A B denotes |A| < cB for some constant c, which in this case depends only on the degree of f (x).
For f (x) = x, Pólya and Vinogradov (see [4] The estimate (1.1) is the best possible. In fact, Zhang Wenpeng and Yi Yuan [7] found some polynomials f (x) = (x − r) m (x − s) n such that the identity
where (r − s, q) = 1, m, n and χ also satisfying some special conditions. Applying the important works of R. A. Smith [5] or Yangbo Ye [6] , Zhang Wenpeng and Yao Weili [8] proved that if q is an odd perfect square and χ is a primitive character mod q, then for any positive integer m with (m, q) = 1, we have the identity
In this paper, we found some new polynomials f (x), using these f (x) we can deduce some new identities for Dirichlet characters of polynomials. That is, we shall prove the following conclusions: 
It is clear that from Corollary 1 one can deduce a better low bound estimate for the Dirichlet characters of polynomials.
Several lemmas
To complete the proof of our theorems, we need the following several Lemmas.
Ä ÑÑ 1º Let p be an odd prime, m, n and α are positive integers with (n, p) = 1. Then for any primitive character χ mod p 2α , we have the identity
. . .
P r o o f. First we introduce the hyper-Kloosterman sum by
, and (p, z) = 1. Define an exponential sum by
From R. A. Simith [5] or Yangbo Ye [6] we know that
for all integers q = p α with 2|α.
Now for any primitive character χ mod p 2α , from the properties of Gauss sums (see [1] and [4] ) and formula (2.1) we know that
where τ (χ) = 
.
Note that for any integer 1
From these identities and (2.2) we have 
Now combining identities (2.2), (2.3) and (2.5) we have 
denotes the Legendre's symbol.
P r o o f. Note that p ≡ 3 mod 4 and χ is a primitive even character mod p α , so there exists one and only one primitive odd character χ 1 mod p α such that χ = χ 
Since χ 1 χ 0 2 is a primitive even character modp α , so there exists one and only one primitive odd character χ 2 mod p α such that χ 1 χ
. Similarly, there exist primitive odd characters χ 3 , χ 4 , . . . , χ k mod p α such that the identities
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Using these relations, Lemma 2 and the method of proving (2.6) we can deduce that
p .
This proves Lemma 3.
Ä ÑÑ 4º Let q 1 and q 2 are two positive integers with (q 1 , q 2 ) = 1, χ 1 mod q 1 and χ 2 mod q 2 . Then for any integers m ≥ 1 and n with (n, q 1 q 2 ) = 1, we have
Since (q 1 , q 2 ) = 1, so from the properties of the reduced residue system mod q 1 q 2 we have
. . . . . . This proves Lemma 4.
Proof of the theorems
In this section, we shall complete the proof of our theorems. First we prove Theorem 1. Let q = p 
